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Abstract. Given any sequence z = (z,)u1 of positive real numbers and any set E of complex sequences, we
write E, for the set of all sequences y = (1)1 such that y/z = (y,,/z,)u=1 € E; in particular, ¢, = sic) denotes
the set of all sequences y such that y/z converges. Starting with the equation F, = F, we deal with some
perturbed equation of the form & + F, = F, where E is a linear space of sequences. In this way we solve the
previous equation where & = (E,); and (E, F) € {(fw,¢),(co, £), (Co,€), (€, ), (€, €s) , (o, €e)} With p > 1,
and T is a triangle.

1. Introduction

We write w for the set of all complex sequences ¥ = (Yu)u>1, £, ¢ and cg for the sets of all bounded,
convergent and null sequences, respectively, also, for 1 < p < oo,

{’Pz{yea):2|yn|p<oo}.

n=1

If y, z € w, then we write yz = (Yuzu),5;- LetU = {[y€w:y, #0}and U* = {y € w : y, > 0}. We write
z/u = (2y/Un)ys1 for all z € w and all u € U, in particular 1/u = e/u, where e = 1 is the sequence with ¢, = 1
for all n. Finally, if a € U" and E is any subset of w, then we put

Ea=(1/a)_1*E:{yea):y/a€E}.

Let E and F be subsets of . In [2], the sets s,, 50 and s\ were defined for positive sequences a by (1/a)™" + E
and E = {., cp, ¢, respectively. In [3] the sum E; + F;, and the product E, * F;, were defined where E, F are
any of the symbols s, s°, or s©). Then in [6] the solvability was determined of sequences spaces equations
inclusion G, C E; + F, where E, F, G € {so,s(c),s} and some applications were given to sequence spaces
inclusions with operators. Recall that the spaces w., and wy of strongly bounded and summable sequences
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are the sets of all y such that |n™! Z ( yk’ is bounded and tends to zero respectively. These spaces were

k=1
studied by Maddox [22] and Malkowsky,n Rakocevié¢ [21]. In [9, 14] were given some properties of well
known operators defined by the sets W, = (1/a)™! * we, and wWo=q /a)™* * wy. We are interested in solving
special sequence spaces inclusion equations (SSIE), (resp. sequence spaces equations (SSE)), which are determined
by an inclusion, (resp. identity), for which each term is a sum or a sum of products of sets of the form (E,)r

and ( E f(x))T where f maps U* to itself, E is any linear space of sequences and T is a triangle. Some results
on (SSE) and (SSIE) were stated in [4-8, 12, 15, 16, 18, 19]. In [6] we dealt with the (SSIE) with operators
E,+ (Fy), C sgf) where E and F are any of the sets ¢y, ¢, or s1. In [15] we determined the set of all positive
sequences x for which the (SSIE) (Sg(C))B(rs) C (sgf))B o holds, where r,7',s’ and s are real numbers, and

B(r,s) is the generalized operator of the first difference defined by (B(r, s)y), = ry, + sy,—1 for alln > 2 and
(B(r,5)y)1 = ry1. In this way we determined the set of all positive sequences x for which (ry, + sy,—1) /x, — |
implies ('Y, + 8" Yn-1) /Xy, — I’ (n — o0) for all y and for some scalars!and I’. In the paper [8] we used the sets

of analytic and entire sequences denoted by A and I and defined by sup (l yn|1/”) < oo and lim ('yn |1/H) =0,

n>1 n—00
respectively. Then we dealt with a class of (SSE) with operators of the form Er + F, = F;, where T is either
Aor X and E is any of the sets ¢y, ¢, €, £, (p 2 1), wo, T, or Aand F = ¢, {s or A. In [11] we solved the (SSE)
defined by (E,), + s = s(hc) where E is either ¢y, or £/, and the (SSE) (E,), + 57 = s) where E is either c, or
{s. In[10, 13] we dealt with the sequence spaces inclusion equations (SSIE) defined by F;, C E, + F; where
a and b are positive sequences and E, F and F’ are linear subspaces of w and we solved the (SSE) defined
by E, + Fx = F, when e ¢ F. In this paper we extend some of the results stated in [8] and solve a new class
of sequence spaces equations of the form (E;)r + Fy = F, where (E, F) is any of the class ({w, ¢), (£7,¢), (co,¢),
(co, €w), (£7, L), o1 (W, fo) with p > 1 and T is a triangle whose the inverse has finite columns.

This paper is organized as follows. In Section 2 we recall some results on some sequence spaces and ma-
trix transformations. In Section 3 we recall some results on matrix transformations and we define the set W?.
In Section 4 we deal with the solvability of the (SSE) E + F, = F;, with e € F for some triangle 7. In Section
5 we deal with some perturbed equation of the form &+ F, = F;, where & is a linear space of sequences. In this
way we solve such equations where & =(E;)r and (E,F) € {({x, ), (co, ), (co,C), (€7, ¢), (€7, L) , (w0, L)}
withp > 1, and T is a triangle.

2. Preliminaries and notations

A BK space is a Banach space of sequences that is, an FK space. A BK space E is said to have AK if for every
P
sequence Y = (Y1 € E, then y = lim Z yke(k), where e® = (0,...,0,1,0,...), 1 being in the k-th position.
p—)()O
k=1
Let R be the set of all real numbers. For any given infinite matrix A = (a,x)n i1 We define the operators

An = (am)k=1 for any integer n > 1, by A,y = Z auklk, where ¥y = (yi)k>1, and the series are assumed
k=1

convergent for all n. So we are led to the study of the operator A defined by Ay = (A,y),.; mapping

between sequence spaces. When A maps E into F, where E and F are subsets of w, we write A € (E,F),

(cf. [22, 23]). It is well known that if E has AK, then the set B (E) of all bounded linear operators L mapping

in E, with norm ||L|| = sup (“L (y)”E / ”y”E) satisfies the identity B (E) = (E, E). We denote by w, cp, c and
y#0

the sets of all sequences, the sets of null, convergent and bounded sequences. We write {7 for the set of all
p-absolutely convergent series, with p > 1, that is,

o=fveaslbl, - Bl <o)

k=1
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For any subset F of w, we write F4 = {y € w : Ay € F} for the matrix domain of A in F. Then for any given
sequence u = (u,),>; € w we define the diagonal matrix D, by [D,],, = u, for all n. It is interesting to
rewrite the set E, using a diagonal matrix. Let E be any subset of @ and u € U* we have E, = D, +E =

{y = (Yu)u € @ : y/u € E}. We use the sets s, séc), s, and £ defined as follows (cf. [2]). For givena € U* and

p=1weputD,*cy = 52, D,*c= s,(f), D, %€ =5, and D, * {# = é’f:. We frequently write ¢, instead of sff)

o = sup, [yl /)
and s{ has AK. The set ¢/, (p > 1) normed by ||y|| » 18 a BK space with AK. If 2 = (R"),»1 with R > 0, we
o sg), (or cg) and fg for the sets s,, s, s and ¢, respectively. We also write Dy for D), _, .

When R = 1, we obtain s; = (., s(l) = ¢p and s(lc) = c. Recall that S; = (s1,51) is a Banach algebra and
(co,51) = (¢, €e) = (51,51) = S1. We have A € S; if and only if

sup [Z |ank|] < 00, 1)
o\ k=1

We are led to recall some well-known results on matrix transformations.

to simplify. Each of the spaces D, + E, where E € {cy, ¢, {«} is a BK space normed by ||y

write sg, S

3. Some results on matrix transformations

3.1. The classes (cy, cp), (co, ), (¢, co), (c,¢), (e, C), (€wo, Co) and (€P, F) where F = ¢y, ¢, 07 {c.

We recall the next well-known results.

Lemma 3.1. [[21], Theorem 1.36, p. 1601, [22]
Let A = (ank)ni=1 be an infinite matrix. Then we have

i) A € (co, co) if and only if (1) holds and
lim a,; = 0 for all k. 2)
n—o0

ii) A € (co,c) if and only if (1) holds and

lim ay = Iy for all k and for some scalar I 3)

iii) A € (c,co) if and only if the conditions in (1) and (2) hold and lim E a, = 0.
n—00
k=1

iv) A € (c,c)if and only if (1), (3) hold and lim E ay = I for some scalar 1.
n—-oo
k=1

o)

v) A € ({w,c) if and only if (3) holds and lim E lak] = E Ll
n—o00
k=1

k=1

vi) A € ({o, Co) if and only if lim E laxl = 0.
n—00
k=1

Characterization of (¢7,F) where F = ¢, ¢, or {. For this, we let ¢ = p/(p —1) for p > 1 and we let

M, {s) = sup layl if p = 1, and M({F, {s) = sup [Z |ank|'7], ifp>1.

nk>1 nx1 \ 59

Lemma 3.2. [ [21], Theorem 1.37, p. 161]
Let p > 1 and A = (auk)ni>1 be an infinite matrix. Then we have
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i) A€ (€, ) if and only if
M, bs) < o0. (4)

ii) A € (€%, co) if and only if the conditions in (4) and (2) hold.
iii) A € ({7, c) if and only if the conditions in (4) and (3) hold.

We also use the well known property, stated as follows.

Lemma 3.3. Leta, b e U* and let E, F C w be any linear spaces. Let A = (ayx)ux>1 be an infinite matrix. We have
A € (E,, Fp) if and only if D1, AD, € (E, F), where (D1,,AD,),; = by, amay for all n, k > 1.

Lemma 3.4. [ [4], Lemma 9, p. 45]
Let T" and T” be any given triangles and let E, F C w. Then for any given operator T represented by a triangle we
have T € (Er, Fr») if and only if T"TT ~! € (E, F).

3.2. On the triangles C (A) and A (A) and the sets W, and W?.

To solve the next equations we recall some definitions and results. The infinite matrix T = (t,x),, x>1 is
said to be a triangle if f,, = 0 for k > n and ¢, # 0 for all n. The infinite matrix C (A) with A = (A,)), € U is
the triangle defined by [C (A)],x = 1/A, for k < n. It can be shown that the triangle A (1) whose the nonzero
entries are defined by [A (A)],, = A4, and [A(A)],,,-1 = —An-1 for all n > 2 is the inverse of C(A), that is,
CHANy) =AW (CAHN)y) forally e w. IfA =e=(1,..,1,..) we obtain the well known operator of the
first difference represented by A (e) = A. We then have A,y = vy, — y,—1 for all y € w and for all n > 1, with
the convention vy = 0. It is usually written £ = C(¢) and then we may write C (1) = Dy,,X. Note that A =
Y1, The Cesaro operator is defined By C; = C((11),»;) - We use the set of sequences that are a—strongly
convergent to zero defined for a € U* by

Wg = (wy), = {y Ew: ’ggo {n_l Z |yk( /ak] = 0},
k=1

(cf. [9, 14, 17]). Tt can easily be seen that W0 = {y €w:CiDyly| € CQ}. Ifa = (r"),>1 the set W0 is denoted by
WY. For r = 1 we obtain the well known set

called the space of sequences that are strongly summable to zero by the Cesaro method (cf. [20]).

3.3. Characterization of (wy, {e) and (wy, co).
Here we recall some results that are direct consequence of [1], Theorem 2.4], where we let ¢ = (0,,), with

— — v
0n = 0 (A) = Z;‘z L maxfaud, (5)
for A = (ay),, x»1- From [1] we obtain the following.

Lemma 3.5.
i) We have A € (wy, {) if and only if

0 € . (6)
ii) A € (wy, co) if and only if (6) and (2) hold.
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4. On the solvability of the (SSE) Es- + F, = F, where 7 is a triangleand e € F

4.1. On the multipliers of some sets.

First we need to recall some well known results. Let i and z be sequences and let E and F be two subsets
of w, we then write
M(E,F)={yew: yzeFforallz € E},

the set M (E, F) is called the multiplier space of E and F. Recall the next well known results.

Lemma 4.1. Let E, E, F and F be arbitrary subsets of w. Then
i) M(E,F) C M(E, F) whenever E C E,
ii) M(E,F) C M(E,F whenever F C F.

4.2. On the sequence spaces equations.

For b € U" and for any subset F of w, we denote by cIf (b) the equivalence class for the equivalence
relation R defined by xRpy if F, = F, for x, y € U™. It can easily be seen that cIf (b) is the set of all x € U*
such that x/b € M (F,F) and b/x € M (F,F), (cf. [18]). We then have cIf (b) = cIM*P (). For instance cl° (b) is
the set of all x € U" such that D,c = Dyc, that is, sic) = séc). This is the set of all sequences x € U" such that
X, ~ Cb, (n — o) for some C > 0. In [18] we denote by cI* (b) the class cl (b). Recall that cI™ (b) is the set
of all x € U*, such that K; < x,/b, < K, for all n and for some Ki, K, > 0. For a, b € U", we define the set
Sep(E,F)={xeU*:E,+F, =Fp}forE,F C w.

As we have just seen, for any given b € U* the solutions of the (SSE) F, = F;, are determined by x € cIf (b).
Then the new (SSE) & + F, = F, where & is a linear space of sequences and a4 € U*can be considered as a
perturbed equation. The question is: what are the conditions on & under which the (SSE) F, = F; and the
perturbed equation have the same solutions ?

Now we study some perturbed equations involving an operator represented by a triangle.

4.3. On the (SSE) with operators represented by a triangle.

Letb € U*, and E, F be two subsets of w. We deal with the set S; (E, F) of all the positive sequences that
satisfy the (SSE) with operator

E‘7'+Fx=Fh/ (7)

where 7 is a triangle and x € U* is the unknown. The equation in (7) means for every y € w, we have
y/b € F if and only if there are 1, v € w with y = u + v such that 7u € E and v/x € F. We assume ¢ € F. In
the following we use the next two properties,

FcM(EF), (®)
and

F C Fy, forallz € U that satisfy z, » 1 (n — o). )
Definition 4.2. Let b € U* and let E, F be linear spaces of sequences. We say that the (SSE) defined in (7), or the set
Sy (E, F) is reqular if

clf(b), ifDipT ' €(EF),

5o (7, F) = { 2, if D1,y 7" ¢ (E, F). (10)
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We recall the next result where we use the equivalence of D ,,7 ! € (E,F) and 1/b € M (E, F).

Lemma 4.3. [ [14], Proposition 6.1, p. 94]
Let b € U* and T be a triangle, let E, F be linear spaces of sequences with e € F. Assume the space F satisfies the
conditions in (8) and (9) and

M(Er, F) € M(E,co) - (11)
Then the (SSE) defined in (7) is regular, that is,

clF (b), if1/be M(Es,F),

Sb(ET/F):{ @, zfl/b&EM(E'T/F) (12)

For any b € U", if the perturbed equation Es + F, = F; is regular, then it is equivalent to the (SSE)
F, = F,. We may adapt the previous result using the notations of matrix transformations instead of the
multiplier of sequence spaces. The proof of the next result follows from the equivalence of z € M (E7, ¥)
and D,7 ! € (E, F) for any given set ¥ of sequences. So we obtain the following result which is a direct
consequence of Lemma 4.3.

Lemma 4.4. [ [14], Corollary 6.1, p. 94]
Let b e U* and T be a triangle and let E, F be linear spaces of sequences with e € F. Assume the space F satisfies the
conditions in (8) and (9) and

D.7 ! € (E,F) implies D,7 ' € (E,co) forall z € U*. (13)

Then the (SSE) defined in (7) is reqular.

5. Application to the solvability of the (SSE) of the form (E,)r + F, = F, where F € {c, {,}
Let T be a triangle and let
O = {(£w, €), (co, €e0) , (co,€) , (€7, €) , (£, Les) , (0, Ceo)}
with p > 1. Let a, b be positive sequences and consider the (SSE)
(Eo)r + Fx = Fy, (14)

where (E,F) € ©. In the following we write SIE (T) = Sy ((Eq)r,F) where E, F C w, and more precisely we
write S¢, (T) =S¢ (T), S¢(T) = S (T), S5(T) = S5, (T), S5(T) = S, (T), S¥(T) = Si (T) for p > 1, and
S (T) = Sft;"(; (T). So S5, (T), Sg (T), S; (T) and Sg; (T) are the sets of all positive sequences that satisfy the
(SSE) (sa)r + s = s;f), (sg)T +F, =F, (fﬁ)T + F, = F, where F = ¢, or £, withp > 1 and (WE)T + 5y = 5,
respectively. From Lemma 4.4 we obtain the next result.

Theorem 5.1. Leta, b € U, let T be a triangle and let (E, F) € ©. We write St for the set of all positive sequences x
that satisfy the (SSE) in (14). Assume for every positive integer k there is an integer iy > k such that

(T‘l)nk =0foralln > i. (15)
Then the set St is determined by (10), that is,

S = ClF (b)/ ifDl/bT_lDlZ € (E/F)/
71 @  if DipT'D, ¢ (EF).
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Proof. Let T~ = Dy,,T, then (E;)r = Es and therefore the (SSE) in (14) is equivalent to the (SSE) Eq + F, =
Fy. From the characterizations of the classes (E,F) € O, and under the condition in (15), the condition
D.T™'D, € (E,F) holds if and only if D,T'D, € (E, co) for all z € U*. Since the conditions in (8) and (9) hold
for F = ¢, or £, we conclude by Lemma 4.4 with 7 = Dy, T, that St is regular. More precisely we consider
the case (E, F) = ({,¢). By v) in Lemma 3.1 where I, = 0 for all k and using (15) we have D.T™'D, € ({w, ¢) if

and only if lim (D T'D ) =0 for all k, and lim i ‘(DZT_lDﬂ)nk' = 0. So the condition D,T'D, € (fw,c)

n—oo n—oo

implies D,T'D, € ({w, o), for all z € U*, and Lemma 4.4 can be applied with 7~ = D;,T. The other cases
can be shown in a similar way. [J

To state the next results we use the sequence ¢ defined in Lemma 3.5 where A is a triangle L, so we
obtain

op =0, (L) = Z 2" max Lyl +2" max |Ll (16)
= orek<2i-1 2vn <k<n

where for every n, v, is an integer uniquely defined by 2 < n < 2"*! — 1. In the following we use the next
conditions where T is a triangle

lim -~ Z T ax =0 17)
sup [bl Z |T;,3|ak] < 00, (18)
n n 4=
sup(bqZ|T1q q]<oow1thq p/lp-1),(p>1), (19)
=
and
sup (bl T} ak) < 0o, (20)
(nkyex 2=

where we let x = {(n,k) : k < nand n > 1}. By Theorem 5.1 and using the characterization of each of the sets
(E,F) € O recalled in Lemma 3.1, Lemma 3.2 and Lemma 3.5 we obtain the next corollary.

Corollary 5.2. Let a, b € U* and let T be a triangle. Assume the condition in (15) holds. Then we have:

) —

i) a) The solutions of the equation (s,)r + $9 = (C) are determined by

c _J c®(b), if (17) holds,
So (D)= { @,  otherwise.

b) The solutions of the equation (sg)T + Fy = Fy with F = ¢, or { are determined by

£y - | clf (), if (18) holds,
% (T)_{ @,  otherwise.

ii) Let F = c, or {oo. Then the solutions of the equation (fﬁ)T + Fy = Fy with p > 1 are determined in the following
way.
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a) If p > 1, then

F o _ | clF(b),if (19) holds,
S (D)= { @,  otherwise.

b) Ifp=1,then

r o | clE(b), if (20) holds,
5(T) = { @,  otherwise.

iii) The solutions of the equation (WQ)T + sy = sp are determined by

5% (T) = { c® (b), if sup, {an (Dl/;,T‘lDa)} < 00,
WA @,  otherwise.
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