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Abstract. In this paper, we apply the results stated in [19] to the solvability of the sequence spaces equations
(SSE) E+F, = F;, where &, F are linear spaces of sequences and b, x are positive sequences (x is the unknown).
In this way, we solve the (SSE) of the form (Eu)c(a,ﬁ) + F, = F;, where G («, B) is a factorable triangle matrix
defined by [G (a, B)], = anpi fork < nand (E, F) € {(£w, ), (Co, €e) , (Co,€) , (£, 0) , (£, €as) , (W, £eo)} Withp > 1.
Then we deal with some (SSE) involving the matrices C(A), C; and Nq. Finally, we solve the (SSE) with
operator of the form (E,)y2 + Fx = Fj.

1. Introduction

Let w be the set of all complex sequences ¥ = (y)uz>1. Let U (resp. U™) be the set of sequences y such
that v, # 0 (resp. y, > 0) for all n > 1. Denote by ¢, ¢ and cy the sets of all bounded, convergent and null

sequences, respectively. For 1 < p < oo, denote by {¥ the set of sequences v € w such that Z |y,,|p < oo. For
n=1

y € w and a € U, define the sequence y/a = (y, /a,,)nzl. In particular, 1/a = e/a, where e = 1 is the sequence

with e, = 1 for all n. For a € U* and E is any subset of w, we put:

E,={yew:y/acE}.
In [2], the sets s,, s and sff) were defined for a € U* by E, and E = {, ¢y, c, respectively. In [3], the
sum E, + F, and the product E, * F, were defined where E, F are any of the symbols s, s°, or s©. In [6],
sequences spaces inclusion equations (SSIE) of the form G, C E, + F, are solved, where a,b € U and E, F,
Ge {so,s(c),s} and some applications were given to sequence spaces inclusions equations with operators.

Recall that the spaces w., and wy of strongly bounded and summable sequences are the sets of all y such

that (n—l Z |]/k|] is bounded and tends to zero respectively. These spaces were studied by Maddox [23]
k=1 n
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and Malkowsky, Rakocevi¢ [22]. In [9, 14] were given some properties of well known operators defined by
the sets W, = (we), and WY = (wy),.

In this paper, we deal with special sequence spaces equations (SSE), which are determined by an identity,
for which each term is a sum or a sum of products of sets of the form (E,)r and ( E ﬂx))T where f maps U™ to
itself, E is any linear space of sequences and T is a triangle. Some results on (SSE) and (SSIE) were stated
in [4-8, 12, 15, 16, 18, 20]. In [6], we dealt with the (SSIE) with operators E, + (Fx), C sf) where E and F are
any of the sets ¢y, ¢, or s1. In [15], we determined the set of all positive sequences x for which the (SSIE)
(S’E(C))B(rs) C (sgf))B(r, 9 holds, where r,7/,s" and s are real numbers, and B(r, s) is the generalized operator of
the first difference defined by (B(t,8)y)n = rYn + Syu-1 for all n > 2 and (B(r,s)y)1 = ry;. In this way, we
determined the set of all positive sequences x for which (ry, + sy,—1) /x, — limplies (¥ y, + 5" Yn-1) /xn = I
(n — o0) for all y and for some scalars / and I’. In [8], we used the sets of analytic and entire sequences

denoted by A and I and defined by sup (| yn|1/”) < ocoand lim () yn|1/n) = 0, respectively. Then we dealt with
n>1

n—oo

a class of (SSE) with operators of the form Et + F, = F;, where T is either A or X and E is any of the sets c,
¢, leo, p, (p 2 1), wy, T, or Aand F = ¢, £ or A. In [11], we solved the (SSE) defined by (E,), + s = sg:)
where E is either co, or 7, and the (SSE) (E,), + ) = sg where E is either ¢, or {w. In [10, 13] we dealt with
the sequence spaces inclusion equations (SSIE) defined by F;, C E, + F}, where a and b are positive sequences
and E, F and F’ are linear subspaces of w and we solved the (SSE) defined by E, + F, = F, when e ¢ F.

In [19], we extended some of the results stated in [8] and we solved a new class of (SSE) of the form
(Ez)t + Fx = F, where (E,F) € © and

0 = { (e, ), (o, ), (c0,0) , (&,) , (¥, L) , (wp, Eec) },
with p > 1 and T is a triangle whose the inverse has finite columns.

The paper is organized as follows. In Section 2, we recall the notions of sequence spaces, matrix
transformations and triangles. Then, we define the set W? for a € U*. We also recall some results on
matrix transformations [1] and sequence spaces equations studied in [19]. In Section 3, we deal with the
solvability of some perturbed equations of the form (Ea)c( wp) + F, = F,, where a,b,a, € U*, (E,F) € © and

G (a,B) = D,LDg is a factorable matrix. Then we deal with the (SSE) involving some factorable matrices

of the form C(A), C; or ﬁq. Finally, in Section 4, we apply the previous results to the (SSE) involving the
operator X2.

2. Preliminaries and previous results
For any given infinite matrix A = (a,x)ni>1, we define the operators A, = (au)k>1 for any integer n > 1,

by A,y = Z aqkYx, where v = (¥,)n>1, and the series are assumed convergent for all #n. So we are led to the
k=1
study of the operator A defined by Ay = (A,y),, mapping between sequence spaces. When A maps E into
F, where E and F are subsets of w, we write A € (E, F), (cf. [23, 24]). For any subset F of @, the domain of A
in F is defined by:
Fy={yew: Ay e F}.

For a = (a,),51 € w we define the diagonal matrix D, by [D,],,, = a4, for all n. Let E be any subset of w and
a € U*, then
E,=D,*E={ycw :y/ackE}.

For a € U", we define the sets s,, s0, sff) and £, (for p > 1) as follows (cf. [2]):

s:=D,*ls, s)=D,*cy, sff):Da*c, =D, .
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Fora = (R")u»1 with R > 0, we write sg, 53, sg), and ff{ for the sets s,, 50, s and ¢, respectively. WhenR =1,
we obtain s1 = £, sJ = ¢ and sgc) = ¢. Recall that
(COr foo) = (Cr goo) = (€OOI goo) = Sl/
where S is the set of infinite matrices A = (a ), k>1 satisfying:
sup {Z Ia,,kl] < oo, (1)
k=1

n

For a € U*, we define the set of sequences that are a-strongly convergent to zero by

W = (wo), = {y €w: lim [ﬂl Yl /ak] = o},
k=1

(cf. [9, 14, 17]). If a = (""),,51, then, the set WY is denoted by WO, For r = 1, we obtain the well known set

called the space of sequences that are strongly summable to zero by the Cesaro method (cf. [21]). We recall some
results that are direct consequence of [[1], Theorem 2.4], where we let 0 = (0,,)s>1 With

op = 0n(A) = Z 2" max  laud, 2)
v=0

<k<2v+l-1

for A = (a,x),, x>1- From [1] we obtain the following lemma.

Lemma 2.1.
i) We have A € (wy, {s) if and only if

0 € lw. 3)
ii) A € (wy, co) if and only if (3) holds and lim a,; = 0 for all k.
n—00

2.1. Triangles

We call triangle every infinite matrix T = (f4x)ux>1 such that t,, = O foralln < kand ¢,, # O for all n > 1.
For any A € U, let A(A) and C(A) be the triangles defined by (see for instance [2]):

An fork=n
[AM]wk =3 -Ap1 fork=n-1
0 fork#n—-landk#n(n=>1)

and
| 1A fork<n
(€M) = { 0 otherwise

Note that C (A) is the inverse of A (A). Lete € U, defined by e, = 1 for all n > 1. In all that follows we use the
convention a, = 0 for all n < 0. Then, A = A (e) is the well known operator of the first-difference defined by

Apx =x, — x,_1 foralln > 1.

Recall that the operator A is invertible and its inverse is usually written £ = C(e). For any A € U, we
have A(A) = AD, and its inverse is determined by C(1) = (A(A))™! = Dy, X.
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2.2. Solvability of the (SSE) (E,)r + Fx = Fy where F € {c, {co}
In this part we recall some results stated in [19].

Theorem 2.2. [[19], Theorem 5.1 p. 5128]
Leta, b € U*, T be a triangle and let (E, F) € ©. Assume for every positive integer k, there is an integer ir > k such
that

— =0foralln > i. 4)

Then the set of all the solutions of the (SSE):
(Ea)T +F=Fp

is given by:

S, = CZF (b)/ lfDl/bT_lDa € (EIF)I
"™\ @  if D1T'D, ¢ (EF).

To state the next results, we use the sequence ¢ defined in Lemma 2.1 where A is a triangle L, so we
obtain

Vp—
op =0, (L) = E 2" max Lyl + 2" max |Lyl (5)
2v<k<2v+1-1 2vn<k<n

where for every n, v, is an integer uniquely defined by 2" < n < 2"*! — 1. In the following we use the next
conditions where T is a triangle

Pﬁ‘ob Z|Tn |a=0 (6)
sup [bl Z |T;lk1|ak] < o0, (7)
n n k=1
sup[bqZ|T1q q]<oow1thq p/lp-1),p>1), (8)
n k=1
and
sup( |T )ak)<oo. )
n>k

Theorem 2.3. [[19], Corollary 5.2 p. 5129]
Leta, b e U* and let T be a triangle such that the condition in (4) holds. Then we have:

) — (

i) a) The solutions of the equation (s,)t + 9 =59 are determined by

¢y | (), if (6) holds,
S (T) = { @,  otherwise.

b) The solutions of the equation (SS)T + Fy = Fp with F = ¢, or {« are determined by

Fom _ | clf (), if (7) holds,
M= { @,  otherwise.
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ii) Let F = ¢, or {w. Then the solutions of the equation (KZ)T + Fy = Fp with p > 1 are determined in the following
way.

a) If p > 1, then

Fopy = | clf (), if (8) holds,
5= { @,  otherwise.

b) Ifp =1, then

Eom _ | clF (D), if (9) holds,
51 = { @,  otherwise.

iii) The solutions of the equation (WQ)T + sy = sy, are determined by

™ (b), if sup, {an (Dl/bT‘lD[,)} < oo,
2, otherwise.

53 (1) = {

3. Solvability of some (SSE) that involve the factorable matrix
In this section, we deal with the solvability of the (SSE):
(Ea)G(a,ﬁ) +F,=F

where a,b, o, € U* and (E, F) € ©. Then we apply these results to the (SSE) involving the matrices C (1),
C1 or Ny. Here, we consider the factorable matrix defined, for a, f € U*, by

G (a, ) = DoX.D.
The matrix G (a, p) is the triangle defined by [G (a, B)],, = anPx for k < n, for all n.

3.1. On the (SSE) of the form (Ea)c(a,,s) + F, = F, where (E,F) € ©.

In this part, among other things we determine the set S, (G) of all positive sequences x that satisfy

(sg)G(a,ﬁ) + sgf) = s(bc). This set is associated with the next statement. For every y € w, we have y,/b, — L,

(n — o0) if and only if there are two sequences u, v with y = u + v such that
On
a

sup { Z Btk
n n k:1

for some scalars L1 and L. Similarly, the set S;" (G), (p > 1), is associated with the equation (55 )

J<ooand@—>L2 (n — o)
Xn

G (a ﬂ) +Sy =85y
and with the next statement. The condition )ynl /b, < Kj holds if and only if there are two sequences u, v

00 n 14
with ¥ = u + v such that Z ana,‘,l [Z Bkuk]

n=1 k=1
K1, K> > 0. To state the next results, we let

< oo and [v,] /x, < K for all n, for all y and for some scalars

y=a/a and 1, = (yn +yn-1)/(0afn)-

We obtain the following result.
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Theorem 3.1. Leta, b, o, f € U*. Then we have:

i) The solutions of the (SSE) (sg)G( wp) T s = s}(:) are determined by

cc ), if imt, =0,
s =] SO
@, otherwise.
ii) Let F = ¢, or {e. Then the solutions of the (SSE) (KE)G(a ) +Fy = Fy withp > 1 and (sS)G(aﬁ) +F, =F,

satisfy S, (G) = Sf (G) and are determined by

Fo_ | clE(b),if sup,., Ty < oo,
SF’ 6) = { @, otherwise.

iii) The solutions of the (SSE) defined by (W[?)G (ah)

+ sy = sy, are determined by

w oy [ =0, if sup,, (nT,) < oo,
Swo G) = { @, otheryévise.

Proof. Remark that G™! («, B) satisfies the condition in (4). Indeed, the matrix G™! (, §) is the triangle defined
by
-1
G (a,p) = (DaZDy) = Di/pAD1a,

whose the nonzero entries are given by
67 @p)],, =1/(@pn) and [GT (@, p)],, = =1/(@nap)
for all n > 1 with [G‘1 (a, ‘8)]1 o = 0. Then we have

D1yG ™' (a,B) D, = D1/wp)ADa/a,

that is,
[Dl/bG_1 (a,B) Da]m, =Vn (ﬁnbn)_l and [Dl/bG_1 (a,B) Du] 1= Vel (ﬁnbn)_l

nn

for all n > 1 with [D1 G (e, B) Dﬂ]1 0= 0. Trivially we have
lim [D1G™" (@, f)Dy| =0 forall k> 1. (10)

i) follows from Theorem 2.3 where T = G (a, f) and the condition in (6) is equivalent to lim 7, = 0.
n—-oo

ii) The case of S} (G) follows from Theorem 2.3 where the condition in (7) is equivalent to sup 7, < co.

Now, we study the case of the set S’I,f (G).

e Casep > 1. Here, the condition in (8) is equivalent to

Vn-1 1 Vn 1
su — | + < ocowithg= -1). 11
ni’{(bnﬁn) (bnﬁn)} A o
It can easily be seen that the condition in (11) holds if and only if sup 7,, < o0, and we conclude by

Theorem 2.3.
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e The case p = 1 follows from the equivalence of the condition in (9) and the conditions

(yn_lb,;lﬁgl)n21 €le and y/(bP) € lw.
But these two last conditions are equivalent to sup 7, < oo and we conclude by Theorem 2.3. This
completes the proof of ii). !
iii) Here we need to simplify the sum o, defined in (5) with L = Dy,,G™! (a, ) D,. Let v, be the integer

defined by 2" < n < 2"*! — 1 for all n. If 2" = n, then we obtain

o, = ol = g1 '[D1 G~ (@,B) Dy ' +2[D1yG™ (@, ) D

nn—1 nn

and

20(1)2 n 1

Oy p —\=Vn-1+Vul.
bnﬁn(yl V)

Now, let
Unp = max ()/n—l /bnﬁn/ yn/bnﬁn) .

Then if 2" = n — 1, we have 0, = 0512) =(n—-1)py,. If 2" <n -1, then we have g, = GS’) = 2""u,. Since we

have 7,/2 <y, < v, and (n + 1) /2 < 2" < n, there is K > 0 such that Knt, < of? <nt,fori=1,2,3 and for
all n. Then it can easily be seen that (a,(j))nzl € {e fori =1, 2, 3 if and only if (nt,),5; € . We conclude by
Lemma 2.1 and Theorem 2.2. This completes the proof of the theorem. O

In all that follows we write E* = E N U* for any given subset E of w. The previous results lead to the
next remarks.

Remark 3.2. Let F be either c, or Lo and for any given b € U™, let A, (resp. AY) be the set of all sequences a € U*
such that the (SSE) Fy = Fy, and the perturbed equation (55)2 +Fy =Fywithp > 1, (resp. (sf,))2 + F, = F},) have the

same solutions. By Theorem 3.1 ii), since T, = (a, + ,-1) b;l, we obtain
P _ 0 _ .+ + _ o+
Ay = Ay =8y 080,10 = Stmax(bubu)or”

Remark 3.3. Let b € U™ and let A; be the set of all sequences a € U™ such that the (SSE) sy = s, and the perturbed
equation (W,?)Z + sy = sp have the same set of solutions. By Theorem 3.1 iii), it can easily be seen that
0 _ ot +
Ay = Stoujmyn O S 041,01
In the case when a/« is monotone, we obtain the next results.
Corollary 3.4. Leta, b, a, f € U" and assume that either y = a/a, or bf is a nondecreasing sequence. Then we have:

i) The solutions of the (SSE) (Sa)G(a,ﬁ) + SSCC) = S;C) are determined by

LV
Ic (), if — ,
s.G={ O e
@, otherwise.
ii) Let F = ¢, or €w. The solutions of the (SSE) (SE)G(a 9 +F, = Fyand ({’5)

5§ (G) and S, (G). We have S{ (G) = S,, (G) with (p > 1) and

(o) + F, = Fy, are determined by

F LV
s;(c;)={ cl (b),szﬁ € e,

@,  otherwise.
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Corollary 3.5. Let a, b, a, p € U* and assume that either y = a/a, or bf is a nondecreasing sequence. Then the
solutions of the (SSE) (WS)G (@h) + sy = sy are determined by

. Vn
o > ), if |n € oo,
5(6) = ®), if ( bnﬁn)nzl

@, otherwise.

3.2. Application to the (SSE) involving the operators C (A), and the operator of the weighted means Nq

In this part, we consider the operators C(A), or ﬁq that are factorable matrices determined in the
following way. We have C(1) = G(1/A,e) for A € U*, and for any given positive sequence g, we let
n

Q= Z gr and Iqu = G(1/Q,q). So the nonzero entries of the triangle Iqu are given by [ﬁq]nk = qx/Q, with
k=1
k < n, for all n, and Nq is called the matrix of the weighted means. We use the notation

vn = (Andy + Ap-1an-1) /by
As a direct consequence of Theorem 3.1, we obtain the following results.
Corollary 3.6. Leta, b, A € U*. Then we have:
i) The solutions of the (SSE) (ss)c(y) + s = séc) are determined by
clc (b), j}l_r}l; v, =0,
@,  otherwise.

5. (CA) = {

ii) Let F = ¢, or {s. The solutions of the (SSE) (SS)C(A) +F, = Fyand (fg)
by S§ (C(A)) and S, (C(A)). We have S, (C (1)) = S (C(A)) and

-~ +F, = Fywithp > 1, are determined

clF (b), if supvy, < oo,

S, (C(A) = { n>1

@, otherwise.

iii) The solutions of the (SSE) defined by (Wf,’ + sx = s are determined by

)C(A)

= (), n 00,
52 (C(A) ={ e (b) Zfsnlillv(nv ) <

@, otherwise.

Remark 3.7. For a,b,q € U*, the sets S5, (Nq) and S;f (Nq) = Sg (Nq) for F = ¢, or €« can be obtained as above
replacing v, by
Pn = (21 Qn + 2,-1Qp-1) /ann-
Under some additional hypotheses and using Corollary 3.5, we obtain more simple expressions for
S;‘(’) (C(A)) and S:; (ﬁq) that are stated as follows.

Corollary 3.8. Leta, b, A,q € U*. Then we have:
i) If either al, or b is a nondecreasing sequence, then the set S (C(A)) of all the solutions of the (SSE) (W‘?)C(}\) +

Sy = Sp is determined by

00 : n
S (C(A) = { = ), f (1 b )nzl € b

@, otherwise.
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ii) Ifeithera, or bqis a nondecreasing sequence, then the set 5 (Wq) of all the solutions of the (SSE) (Wg)N +5y = 8p
q

is determined by

. Qx an)
o (— c® ), if [n=—= € le,
s (m)=| O ()

@, otherwise.
As a direct consequence of Corollary 3.6 for A = ¢, we obtain the next result.
Corollary 3.9. Leta,b e U*.

i) The (SSE) (s)y. + s = s(bc) has solutions if and only Z_f&l_l;l;lo ay-i/by, =0 for i =0, or 1, that are determined by
S5, (X) = clf ().

ii) Let F = ¢, or {w. Then the sets S} (Z) and S} (X) of all the solutions of the (SSE) (fﬁ)z +F, = Fy and
(52)2 +Fy = Fy, satisfy S, (X) = S{ (X) for p > 1. Then the (SSE) (sg))2 + Fy = Fy has solutions if and only if
sup (a,-i/by) < oo for i =0, or 1, that are determined by S{ (Z) = cIf (b).

iii) T;ze (SSE) (Wg)Z + sy = sy, has solutions if and only if sup (na,—;/b,) < oo fori =0, or 1, that are determined
by 5 (Z) = cI* (). !

As a direct consequence of Corollary 3.8, we obtain the next result.

Remark 3.10. Let b,q € U* and let A be the set of all positive nondecreasing sequences a such that the equation
Sy = sp and the perturbed equation (wg)ﬁ + sy = sp have the same solutions. By Corollary 3.8, we obtain
q

ﬂi\] = Sz—hmm)
nQn Jnz1

Using Corollary 3.8 for a = ¢, we obtain the next result.

Corollary 3.11. Let b, A, q € U*. Then we have:
i) If A is a nondecreasing sequence, then the (SSE) s, = sy and the perturbed equation (wo)c(y) + sx = sp have the
same solutions if and only if(n)tnb;l)wl € le.
ii) The (SSE) sy = sy and the perturbed equation (wo)ﬁq + sy = s, have the same solutions if and only if

(nan,;lq,;l) € L.

n>1
Remark 3.12. Let b € U* and let a be a nondecreasing sequence. From Corollary 3.9 iii) and Corollary 3.8 with
A = e, we can easily see that the (SSE) sy = s, and the perturbed equation (Wg)Z + 5y = s have the same solutions if
and only if (na, /b,),>1 € L. For a, b € U* where b is a nondecreasing sequence the previous result remains true. In
this way, for b = e, we may notice that the solutions of the (SSE) (W‘?)z + 5y = lo and s, = Lo are equivalent if and
only ifa € sayy),.,-

Example 3.13. Letr,u > 0. Using Corollary 3.8 (i), the set S (C1) of all the solutions of the (SSE) (W?)C +5¢ =5y
1
is determined by

0 _fod®),ifr<u,
5., () _{ @, ifr>u

Example 3.14. Let & > 0. Using Corollary 3.8 (i) and the fact that

a, n?
(n;\n_) = (_) €l ifandonlyif &>2,
bn n>1 >1

<
n nz

the (SSE) (wo)c, + sx = S(ne), has solutions if and only if £ > 2.
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4. On the (SSE) involving the operator X?

In this section, we solve the (SSE) with operator of the form (E;)y: +F, = F, wherea, b € U* and (E, F) € G)

We give an extension of i) and ii) in Corollary 3.9 and we solve the (SSE) defined by (s.)y2 + s(c) s

b I
({’5)22 + F, = F, and ( ﬂ)zz + Fy = Fp, with F = ¢, or {s. It can easily be seen that the nonzero entries of

the triangle X2 are defined by (Zz)nk =n—k+ 1 for k < n for all n. For instance the (SSE) ( ) +59 = (C)
is equivalent to the next statement. For every y € w, we have y,/b, — | if and only if there are u, v € w

with y = u + v such that Z ku,_yi1|/a, = 0and v,/x, —> I’ (n —> o) for some scalars [ and . As a direct
k=1
consequence of Theorem 2.3, we obtain the next result.

Corollary 4.1. Let a, b € U*. Then we have:
i) The solutions of the (SSE) (s,)yz + s = S(bc) are determined by

e (v2\ _ | cl¢(b), if (@n—i/bp)ys1 €Ecofori=0,1,2,
Se (Z ) - { @, otherwise.

ii) Let F = ¢, or {s. Then the sets Slf (22) and S§ (Zz) of all the solutions of the (SSE) (fg)zz +F, = Fy and
(52)22 + Fy = Fy, satisfy 55 (22) =Sk (ZZ)forp > 1 and

oF (22) | cEb), if @ui/bp)ys1 € L fori=0,1,2,
p - @, otherwise.

Proof. First it can easily be seen that the inverse of X2 is the trangle A> whose the nonzero entries are
determined by (Az)nn =1foralln, (A2)n,n71 =-2forn>2,and (A2)n,n72 =1 for n > 3. Then A? satisfies the
condition in (4). So the proofs of i) and ii) are direct consequences of Theorem 2.3. Since 4, b are positive
sequences, the proof of i) follows from the equivalence of the conditions 1}1_{2 (@, + 2a,_1 +ay,) /b, = 0 and

lim (a,,-i/b,) = 0 fori = 0,1,2, and the proof of ii) follows from the equivalence of each of the conditions

sup {(an_z + 24,1 +a,) b;l} < oo, sup {(“Z_z +20a1  + aZ) b;"} < o0
n>1 n>1

and sup (a,-i/by) <ocofori=0,1,2. O
nx1
Example 4.2. As a direct consequence of Corollary 4.1 ii), the set S of all positive sequences a for which we have the

equivalence of the perturbed equation (s ( 0) +59 = (C) and the equation sy © = (C) is determined by

m+

(bn+2)n>1

S =855 NS0

Example 4.3. As a direct consequence of Corollary 4.1 ii), it can easily be shown that the (SSE) defined by

» (© _
(f(l/n‘)ym )):z o S( ™)

for reals p and h with p > 1 and h > 0 has solutions if and only if h > 2.

Remark 4.4. As a direct consequence of Corollary 4.1 ii) for a = e, the (SSE) defined by (co)zz + sx = sp and
Kp + 5y = sp, (p = 1) are equivalent. More precisely, each of these (SSE) has solutions if and only if 1/b € Iy

a dzrect consequence of Corollary 4.1 i) for a = e, the (SSE) (€eo)g2 + §9 = s(”) has solutions if and only if b, — oo
(n — o).
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